Abstract. This work is devoted to the study of parabolic frequency for solutions of the heat equation on Riemannian manifolds. We show that the parabolic frequency functional is almost increasing on compact manifolds with nonnegative sectional curvature, which generalizes a monotonicity result proved by C. Poon [16] and by L. Ni [15] . The proof is based on a generalization of R. Hamilton's matrix Harnack inequality [8] for small time. As applications, we obtain a unique continuation result. Monotonicity of a new quantity under two-dimensional Ricci flow, closely related to the parabolic frequency functional, is derived as well.
Introduction
The (elliptic) frequency functional for a harmonic function h(x) on R n , introduced by F. J. Almgren [1] in 1979 and used in the study of local regularity of (multiple-valued) harmonic functions and minimal surfaces, is defined by I e (r) = r´B (o,r) |∇h| 2 dμ ∂B(o,r)
where dA is the induced n − 1 dimensional Hausdorff measure on ∂B(o, r) and o is a fixed point in R n . Almgren obeserved that I e (r) is monotone nondecreasing in r. For n = 2, it was in fact first proved by G. H. Hardy using a complex analysis argument (see Exercise 6 on page 138 of [5] ). The monotonicity of I e (r) has many applications in partial differential equations and geometric measure theory. For instance, it was used by N. Garofalo and F.H. Lin [6, 7] and F.H. Lin [10] to study the unique continuation properties for elliptic operators and to estimate the size of nodal sets of solutions to parabolic and ellptic equations. The frequency functional I e (r) also controls the vanishing order of harmonic functions at the center o, see the book [9] . We refer the readers to [9] and [17] for more applications.
For harmonic functions on Riemannian manifolds, N. Garofalo and F.H. Lin [6] proved that I e (r) is almost increasing in the sense that there exist constants R and Λ, depending only on the Riemannian metric, such that e
Λr I e (r) is monotone nondecreasing in (0, R), (see also [13, Theorem 2.2] ). More recently, A. Logunov [11] [12] used this almost monotonicity together with combinatorics techniques to estimate the size of nodal sets for harmonic functions and eigenfunctions on manifolds, and proved Nadirashvili's conjecture, the lower bound in Yau's conjecture, and polynomial upper estimates of the Hausdorff measure of nodal sets of Laplace eigenfuctions.
The parabolic frequency functional for solutions of heat equation on R n was introduced by C. Poon [16] in 1996 and used in the study of the unique continuation of solutions to parabolic equations. We recall its definition for solutions of heat equation on Riemannian manifolds. Let (M m , g) be a complete Riemannian manifold, o be a fixed point in M , and dµ be the volume element with respect to the Riemannian metric g. Let u(x, t) be a smooth nonconstant solution to the heat equation
. Let H(x, o; t) be the fundamental solution to the heat equation (1.1), written as H(x, t) for short. Assume either M is compact or M is complete with bounded geometry and u(x, t) satisfies certain growth conditions so that the integrals are finite and all integration by parts can be justified. Then the parabolic frequency for u is defined as
It was shown by C. Poon [16] and L. Ni [15] that if M has nonnegative sectional curvature and parallel Ricci curvature, then I(t) is monotone nondecreasing in t. The main ingredient of their proofs is the matrix Harnack estimate of R. Hamilton [8] , which asserts that on a Riemannian manifold with nonnegative sectional curvature and parallel Ricci curvature, the fundamental solution H(x, t) satisfies
In fact, R. Hamilton proved the above matrix Harnack estimate for any positive solution of the heat equation. For Kähler manifolds with nonnegative bisectional curvature, L. Ni [15] also proved the monotonicity of I(t) when u is a holomorphic function. The proof again relies on a matrix Li-Yau-Hamilton estimate for solutions to the heat equation on Kähler manifolds that was established in [2] [14] .
The parallel Ricci curvature assumption seems quite restrictive and it is our purpose of this paper to study parabolic frequency functional for solutions of heat equation on more general Riemannian manifolds. In particular, we prove the almost monotonicity of the parabolic frequency functional for a short time on compact manifolds with nonnegative sectional curvature. As applications, we obtain a unique continuation result (see corollary 3.4 below) for solutions of the heat equation on such manifolds. The main result of this paper is:
) be a compact Riemannian manifold with nonnegative sectional curvature. Assume u(x, t) is a nonconstant solution to the heat equation (1.1) with the initial data u 0 (x). There exists a constant T > 0, depending on the manifold M and u 0 (x), such that
It is also natural to consider the case when the metric g is evolving by a geometric flow. In this direction, we consider (M 2 , g(t)), a solution to Ricci flow on surfaces with positive scalar curvature, and define a quantity J(t) by
where v(x, t) is a solution of the backward heat equation and R(x, t) is the scalar curvature. We prove that J(t) is monotone increasing in t. 
It would be desirable to find applications of this monotonicity formula and to extend this result to higher dimensions and to other geometric flows.
Hamilton's matrix Harnack inequality for small time
In this section, we present an improved version of Hamilton's matrix Harnack inequality [8] for small time, which will be used in the proof of monotonicity of parabolic frequency on compact manifolds. We prove the following theorem. 
To begin with, we collect some well-known estimates on positive solutions to the heat equation, which will be used in the proof of Theorem 2.1. 
Proof of Theorem 2.1. The proof of Theorem 2.1 is essentially based on the computations from Hamilton's paper [8] . Let
where C is a constant to be specified later. Denote by
and W ikjl ≥ 0 by Sect g ≥ −K, which implies
Direct computations give
where
Using the estimate (2.3), we estimate
Assembling these estimates, we have
Now we choose C = ( 34 3 + ǫ)K + ǫ, and then
where we used
(1 − (m − 1)Kt/2 1 − e −(m−1)Kt/2 ) = 0, then we conclude there exists a small T , depending on K, m and ǫ, such that
Thus we can choose a constant T , depending on K, m, L, and ǫ, such that
Therefore, Hamilton's maximum principle for tensors implies
, the distance between x and o. For the heat kernel H(x, t), we have both upper bound and lower bound from Cheng-Li-Yau's paper [3] and Hamilton's paper [8] . We summarize as the following lemma.
for some constant C depending on M .
From the lower bound (2.5), we deduce
Where C 0 is a constant depending on M only.
In conclusion, we get the following Harnack inequality for the heat kernel on compact manifolds with nonnegative sectional curvature. Corollary 2.2. Assume M is a compact manifold with nonnegative sectional curvature. Then for any ǫ > 0, there exist constants T = T (M, ǫ) and
Monotonicity of parabolic frequency
In this section, we prove that the parabolic frequency on compact manifolds with nonnegative sectional curvature is almost increasing.
) be a compact Riemannian manifold with nonnegative sectional curvature. Assume u(x, t) is a solution to the heat equation (1.1) with the initial data u 0 (x) satisfying
for some positive a 0 . There exists a constant T > 0, depending on the manifold M and a 0 such that 
is equivalent to that u 0 (x) is not a constant. In fact, if u 0 = constant, then u(x, t) is also a constant and Theorem 3.1 is trivial.
To begin with, we define the following quantities:
where τ = T − t. We first show the monotonicity of quantities D(t) and Z(t), by calculating their evolution equations.
Assume further that Ric g ≥ −(m − 1)K, then
and therefore e 2(m−1)Kt D(t) is monotone increasing.
Proof. Direct calculations show that
which is clearly positive.
We compute that
Since the Ricci curvature is bounded from below by −(m − 1)K, then
completing the proof.
To prove Theorem 3.1, we derive a lower bound on D(t) first.
Lemma 3.1. Let (M, g) and u(x, t) be same as in Theorem 3.1. Assume further that
Proof. Recall from Corollary 2.2 that for any ǫ > 0, there exists a constant T = T (M, ǫ) and
Let X = ∇u, and then it follows from the heat equation (1.1) that
then we see from (3.4) that
Direct computations show that
where we used equation (3.7). Using integration by parts, we get
Recall from Harnack inequality (3.6) that
Now we estimate the curvature involved term by
Here and thereafter, we always use C M to denote the constant depending only on the manifold, though it may change from line to line. Combining above calculations and estimates (3.9-3.11) together, we conclude
using the evolution equation (3.8) for D(t), we get
Integration by parts yieldŝ
Thus, using Hölder's inequality, we get
Since the gradient estimates (2.2) gives
we then estimate
and plugging above estimates to (3.12), we derive
which implies
From derivative of D(t) in (3.4) and above estimate, we obtain that
Integrating from t to T yields
proving the lemma.
Using the above lemma, we give the following estimate.
Lemma 3.2. Let (M, g) and u(x, t) be same as in Theorem 3.1. Assume´M |∇u 0 | 2 dµ = 1. There exists a constant T 0 = T 0 (M, a 0 ), such that
Proof. We first choose ǫ in Lemma 3.1 so that
which clearly depends only on M . Observing that
so that the estimate (3.14) holds as t ≤ T .
and matrix Harnack inequality (2.6) giveŝ
we obtain
These imply
by the Hölder inequality. Then we get
Using estimate (3.14), we obtain from (3.15) that
for 0 < t ≤ T , which implies
proving the theorem.
Remark 3.3. The conclusion in Theorem 3.1 also holds for almost nonnegative manifolds with almost the same proof as Theorem 3.1's, i.e. sectional curvature nonnegative in Theorem 3.1 can be replaced by
It is well-known that on R n a unique continuation (or backward uniqueness) theorem follows from the monotonicity of parabolic frequency, and then from Theorem 3.1, we conclude the following backward uniqueness theorem for the heat equation on compact manifolds with nonnegative sectional curvature. 
Proof. We assume by contradiction that
Then by Theorem 3.1, there exist a constant T (depending on M and c 2 /c 1 ), such that
Z(t0) = C(t 0 ), and then it follows
for 0 < t < t 0 . Here Z(t 0 ) and D(t 0 ) are nonzero due to the assumption on D(T ) and Proposition 3.1.
But on the other hand if u vanishes of infinite order in (x 0 , t 0 ), then for any integer N > 0 there exist constant C 1 > 0 and θ > 0, such that for any (x, t) satisfying
For any t satisfying t 1/2 + t ≤ θ, we estimate
for t small. These give
Since N is arbitrary large, the above inequality contradict with the estimate (3.17) as t goes to zero. Then we have D(T ) = 0, which immediately implies that u(x, t) is identically zero for t ∈ [t 0 − T, t 0 ], hence for all t.
A monotonicity formula for Ricci flow on surfaces
In this section, we introduce a quantity J(t) (see (4.1)), which is closely related to the parabolic frequency functional, and prove its monotonicity under Ricci flow on surfaces. 
The quantity J(t) can be viewed as an entropy on two-dimensional Ricci flow. The crucial ingredient of the proof is a matrix differential Harnack estimate for Ricci flow on surfaces, which was obtained by R. Hamilton in the 1980's and was included in [4, Exercise 10.22]. It can be proved by applying Hamilton's maximum principle for tensors to the evolution equation satisfied by the quantity on the left hand side of (4.2).
Lemma 4.1. Let (M 2 , g(t)) be a solution to the Ricci flow with positive scalar curvature for t ∈ [0, T ). Then for any t ∈ (0, T ), we have
Before giving the proof of Theorem 4.1, we recall some evolution equations for the Ricci flow on surfaces that can be found in [4] .
) be a solution to the Ricci flow
Proof of Theorem 4.1. In the following, all the integrals are preformed with respect to du g(t) , the Riemannian measure induced by the metric g(t). To keep notations simple, we omit writing it. Let
Direct calculation using Lemma 4.2 shows 
The matrix differential Harnack estimate in Lemma 4.2 is equivalent to
Substituting this into the expression for D ′ 1 (t) yields
Therefore,
where we have used the Cauchy-Schwarz inequality, Z ′ 1 (t) = 2D(t), and
Theorem 4.1 then follows immediately since
This finishes the proof.
The quantity J(t) can also be viewed as a Dirichlet energy with respect to the weighted evolving measure R(x, t)dµ. For any 0 < t < T , we define the first nonzero eigenvalue of (M 2 , g(t)) with the weighted measure R(x, t)dµ by λ R (t) = inf ´M |∇u| 2 R(x, t) dµ g(t)
M u 2 R(x, t) dµ g(t) : u(x) ∈ C ∞ (M ) \ {0},ˆM u(x)R(x, t) dµ g(t) = 0 .
Then it is easy to see that the following corollary is a direct consequence of Theorem 4.1. 
